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We study colourings of graphs with the property that the number of used colours cannot
be reduced by applying some recolouring operation. A well-studied example of such
colourings are b-colourings, which were introduced by Irving and Manlove [R.W. Irving,
D.F.Manlove, The b-chromatic number of a graph, Discrete Appl.Math. 91 (1999) 127–141].
Given a graph and a colouring, a recolouring operation specifies a set of vertices of the
graph on which the colouring can be changed. We consider two such operations: One
which allows the recolouring of all vertices within some given distance of some colour
class, and another which allows the recolouring of all vertices that belong to one of a given
number of colour classes. Our results extend known results concerning b-colourings and
the associated b-chromatic number.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
We consider finite, simple, and undirected graphs Gwith vertex set V (G) and edge set E(G). The neighbourhood and degree
of a vertex u inG are denoted byNG(u) and dG(u), respectively. The closed neighbourhoodNG[u] of a vertex u inG is {u}∪NG(u).
The distance distG(u, v) between two vertices u and v in G is the minimum length of a path in G between u and v. The set
of vertices of a graph G that are within distance at most h from some vertex u in G is denoted by N≤hG (u). The girth g(G) of
a graph G is the minimum length of a cycle in G. A colouring of a graph G is a function f : V (G)→ C such that f (u) ≠ f (v)
for every edge uv of G. The elements of C are called colours. The chromatic number χ(G) of G is the minimum cardinality of
a set C such that G has a colouring f : V (G)→ C . A b-colouring of a graph G is a colouring f : V (G)→ C such that for every
colour c in C , there is a vertex vc in V (G) with f (vc) = c and f (NG(vc)) = C \ {c}. The b-chromatic number ϕ(G) of G is the
maximum cardinality of a set C such that G has a b-colouring f : V (G)→ C .
The b-chromatic number was introduced by Irving andManlove [5]. A natural interpretation of this colouring parameter
is that it is an upper bound on the chromatic number of a graph G, which is obtained by starting with an arbitrary colouring
f : V (G) → C of G and iteratively applying the following recolouring operation O0 trying to reduce the number of used
colours with each application:
Operation O0 Select a colour c in C and permit to recolour all verticeswith colour c , i.e., replace f with a colouring g : V (G)→ C
such that f (u) = g(u) for all vertices u ∈ V (G) \ f −1(c).
The b-colourings of G are exactly those colourings f of G for which a single application of O0 cannot produce a colouring
g using less colours than f , i.e., with |g(V (G))| < |f (V (G))|. Therefore, the b-chromatic number of G quantifies the worst
possible performance of a local search colouring heuristic limited to the application of a rather restricted recolouring
operation.
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This point of viewmotivates the following generalisation. Given a graphG and a colouring f : V (G)→ C ofG, a recolouring
operationP specifies a set of verticesP (G, f ) ⊆ V (G) depending on G as well as on f . We say that a colouring g : V (G)→ C
of G is obtained by a single application of P to f , if g(u) = f (u) for every vertex u ∈ V (G) \ P (G, f ), i.e., g arises from f
by recolouring the vertices in P (G, f ). The colouring f is said to be P -resistant, if there is no colouring g : V (G) → C of
G that is obtained by a single application of P to f and uses less colours than f . Finally, the P -resistant chromatic number
ϕP (G) is the maximum number of colours used by a P -resistant colouring of G. Note that every colouring of a graph G that
uses χ(G) colours is P -resistant, i.e., P -resistant colourings always exist and the P -resistant chromatic number is well
defined. Furthermore, if P (G, f ) contains all vertices of G, then f is P -resistant if and only if f uses χ(G) colours. With this
terminology b-colourings are O0-resistant colourings and ϕ(G) = ϕO0(G) for every graph G.
In the present paper we study two natural generalisations of O0. Let h be a non-negative integer. Given a graph G and a
colouring f : V (G)→ C , we propose the following two operations:
Operation Oh Select a colour c in C and permit to recolour all vertices that are within distance at most h from the vertices with
colour c , i.e., replace f with a colouring g : V (G)→ C such that f (u) = g(u) for all vertices u ∈ V (G) \ N≤hG (f −1(c)).
Operation O˜h Select a set S of atmost h colours fromC and permit to recolour all vertices in f −1(S), i.e., replace f with a colouring
g : V (G)→ C such that f (u) = g(u) for all vertices u ∈ V (G) \ f −1(S).
Clearly, the operations O0 and O˜1 coincide. The Oh-resistant chromatic number and the O˜h-resistant chromatic number
lead to algorithmically hard problems in general. It is easy to see that for every graph G and h ≥ 0, we have χ(G) ≤
ϕOh+1(G) ≤ ϕOh(G) ≤ ∆(G)+ 1 and χ(G) ≤ ϕO˜h+2(G) ≤ ϕO˜h+1(G) ≤ ∆(G)+ 1 where∆(G) denotes the maximum degree
of G.
We briefly review known results on the b-chromatic number that have an immediate connection to the new results
presented below. In [5] Irving and Manlove introduced the so-called m-degree m(G) of a graph G as a natural upper bound
on the b-chromatic number ϕ(G) of a graph G. For trees T , they proved the inequality ϕ(T ) ≥ m(T )− 1, which was recently
extended to cacti [2]. It was proved that d-regular graphs G that are of order at least d4 [10] or of girth at least 6 [7] satisfy
ϕ(G) = m(G) = d + 1. In [1] Blidia et al. proved that for d ≤ 6 (and conjectured for d > 6) every d-regular graph G with
girth at least 5 that is different from the Petersen graph satisfies ϕ(G) = m(G) = d+1. In [6] Klavžar and Jakovac determine
the four cubic graphs Gwith ϕ(G) < 4. For further results on the b-chromatic number we refer the reader to [3,8,9,11].
In Section 2, we present results concerning theOh-resistant chromatic number of graphs without short cycles, trees, and
regular graphs. We introduce an invariantmOh(G) similar tom(G), which is an upper bound on ϕOh(G) for graphs Gwithout
short cycles. Moreover, we prove that ϕOh(T ) = Θ(mOh(T )) for every tree T , more precisely we prove the existence of a
constant ch such that ch ·mOh(T ) ≤ ϕOh(T ) ≤ mOh(T )where ch only depends on h. In Section 3, we present analogous results
for the O˜2-resistant chromatic number. Finally, in Section 4, we list a number of questions immediately motivated by our
results.
2. Oh-resistant colourings
Let h and d be non-negative integers. Let [d] = {i ∈ Z | 1 ≤ i ≤ d}.
Let T (0, h) denote the rooted tree of order 1 and for d ≥ 1, let T (d, h) denote the unique rooted tree of height h in
which every vertex of height less than h has exactly d children. The crucial property of T (d, h) with respect to Oh-resistant
colourings is the following: If f : V (T (d, h)) → [d + 1] is a colouring of T (d, h) such that for every vertex v of height less
than h, every colour from [d + 1] appears either on v or on a child of v, then every colouring g : V (T (d, h)) → [d + 1] of
T (d, h) that coincides with f on the vertices of height h, is equal to f ; in particular it assigns the same colour to the root of
T (d, h).
Let G be a graph with girth at least 2h+ 2. We call a vertex v of G (m, h)-good, if v has at leastm− 1 distinct neighbours
v1, v2, . . . , vm−1 such that for every i ∈ [m − 1], vi is the root of a subtree of G − vvi isomorphic to T (m − 2, h). Here
G− vvi denotes the graph that arises from G by deleting the edge vvi. In order to determine whether some vertex v of G is
(m, h)-good we can proceed as follows: For some neighbourw of v, let Tw denote the subgraph of G induced by the vertices
of G that are within distance at most h from w in the graph G − vw. Since g(G) ≥ 2h + 2, Tw is a tree. Let Tw be rooted in
w. We consider all vertices of Tw of height at most h− 1 in an order of non-increasing height and iteratively delete vertices
that have less thanm− 2 children. The vertexw is the root of a subtree of G− vw isomorphic to T (m− 2, h) if and only if
w survives this deletion procedure. Proceeding in this way for all neighbours of v, we can check whether v is (m, h)-good
in polynomial time. Let mOh(G) denote the maximum integer m such that G contains m distinct (m, h)-good vertices. By
the above remark, mOh(G) can be computed efficiently. Note that mO0(G) is the maximum integer m such that G contains
m vertices of degree at least m − 1, i.e., mO0(G) coincides with the m-degree m(G) as defined by Irving and Manlove [5].
Furthermore, the maximum degree plus one is always an upper bound onmOh(G).
Our first main result is the following.
Theorem 1. If h ≥ 0 is an integer and G is a graph with g(G) ≥ 2h+ 2, then ϕOh(G) ≤ mOh(G).
The case h = 0 of Theorem 1 was proved in [5]. For h ≥ 1, our proof relies on the following tree recolouring lemma.
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Lemma 2. Let h ≥ 1 and m ≥ 3 be integers. Let T be a rooted tree with root r and height at most h such that r is not the root of
a subtree of T isomorphic to T (m− 2, h). If f : V (T )→ [m] is a colouring of T , then there is a colouring g : V (T )→ [m] of T
such that
(i) g(r) ≠ f (r),
(ii) g(u) = f (u) for all u in V (T ) with distT (r, u) = h, and
(iii) g−1(m) ⊆ f −1(m).
Proof. We prove the statement by induction on h. For h = 1, T consists only of the root r and at most m − 3 children.
Therefore [m − 1] \ f (NT (r)) contains at least two elements and the desired statement follows for a colouring g of T that
differs from f only on r . Now let h ≥ 2. If [m − 1] \ f (NT (r)) contains two elements, the desired statement follows as
above. Hence we may assume that [m − 2] ⊆ f (NT (r)). Since r is not the root of an induced subtree of T isomorphic to
T (m− 2, h), we may assume that there is some i∗ ∈ [m− 2] such that no child s of r with f (s) = i∗ is the root of an induced
subtree of T − rs isomorphic to T (m− 2, h− 1). Let s be a child of r with f (s) = i∗. Let Ts denote the component of T − rs
containing s. By induction, there is a colouring gs : V (Ts)→ [m] of Ts such that gs(s) ≠ i∗, gs(u) = f (u) for all u in V (Ts)with
distTs(s, u) = h− 1, and g−1s (m) ⊆ f −1(m). Repeating this argument for all children s of r with f (s) = i∗ yields a colouring
g : V (T ) \ {r} → [m] of T − r such that g(s) ≠ i∗ for every child s of r , g(u) = f (u) for all u in V (T ) with distT (r, u) = h,
and g−1(m) ⊆ f −1(m). Setting g(r) = i∗ yields the desired colouring of T , which completes the proof. 
Proof of Theorem 1. Since the result is known for h = 0, let h ≥ 1. Let f : V (G) → [m] be a colouring of G with
m = |f (V (G))| > mOh(G). Our goal is to show that f is not Oh-resistant. If m ≤ 2, then mOh(G) ≤ 1, which implies that G
has no edges and f is notOh-resistant. Hence, wemay assume thatm ≥ 3 and that no vertex v of Gwith f (v) = m is (m, h)-
good. Let v be such that f (v) = m. Let S denote the set of neighboursw of v that are roots of subtrees of G− vw isomorphic
to T (m − 2, h). Since v is not (m, h)-good, we have |S| ≤ m − 2, which implies that there is some i∗ ∈ [m − 1] \ f (S).
We want to recolour v with colour i∗. Therefore, we assume that w is a neighbour of v with f (w) = i∗. Let Tw denote the
subgraph of G induced by the vertices that are within distance at most h fromw in the graph G− vw. Since g(G) ≥ 2h+ 2,
Tw is a tree and Tw does not contain v or a neighbour of v distinct from w. Choosing w as its root, Tw has depth at most h.
By Lemma 2, there is a colouring gw : V (G) → [m] obtained from f by recolouring the vertices in Tw within distance at
most h − 1 from w such that w receives a colour from [m − 1] \ {i∗}, g−1w (m) ⊆ f −1(m), and v and all neighbours of v do
not change colour. Repeating this argument for all neighbours w of v with f (w) = i∗ yields the existence of a colouring
gv : V (G) → [m] obtained from f by recolouring the vertices within distance at most h from v such that all neighbours
of v receive colours from [m − 1] \ {i∗} and g−1v (m) ⊆ f −1(m). Now, recolouring v with colour i∗ reduces the number of
vertices in Gwith colourm. Since g−1v (m) ⊆ f −1(m), we can proceed in this way for all vertices v with f (v) = m and obtain
a colouring g : V (G)→ [m− 1] of G that avoids the colourm. Since g is obtained by a single application of operation Oh to
f , f was not Oh-resistant. This implies ϕOh(G) < m and completes the proof. 
Our second main result is the following.
Theorem 3. If T is a tree of order at least 1 and h ≥ 1 is an integer, then ϕOh(T ) ≥ ⌊mOh (T )4h+10 ⌋ + 1.
The proof of Theorem 3 also relies on a tree colouring lemma.
Lemma 4. Let m be an integer and T be a rooted tree with root r. If
(i) m ≥ 3, U is a set of m− 1 leaves of T each of height at least 3, and f : {r} ∪ U → [m] is such that f ({r} ∪ U) = [m], or
(ii) m ≥ 4, U is a set of m leaves of T , and f : U → [m] is such that f (U) = [m− 1],
then f can be extended to a colouring f : V (T )→ [m] of T .
Proof. In Case (i), we can assume, by symmetry, that f (r) = m. We greedily colour the uncoloured vertices one by one in
an order of non-decreasing height, iteratively assigning to each vertex v, the smallest colour from [m] that does not already
appear on a neighbour of v. If this procedure succeeds in assigning a colour to every uncoloured vertex, the desired result
follows. Hence, we may assume that at some point during the execution of this colouring procedure, there is an uncoloured
vertex v such that all colours from [m] occur on neighbours of v. By the order in which we colour the vertices, all coloured
children of v belong to U .
In Case (i) it follows that the parent u of v has colour f (r) = m and all vertices in U are children of v. Since in this case
every vertex in U has height at least 3, u is different from the root r . Furthermore, no child of u belongs to U . Therefore, since
m ≥ 3, the colouring procedure would not have coloured uwith colourm, which is a contradiction and completes the proof
for Case (i).
In Case (ii) it follows that v is not the root r of T and the parent u of v has colour m. Furthermore, with at most one
exception, all vertices in U are children of v. Since u has at most one child in U and m ≥ 4, the colouring procedure would
not have coloured uwith colourm, which is a contradiction and completes the proof for Case (ii). 
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Proof of Theorem 3. Let T be a tree of order at least 2 and h ≥ 1. Let m = mOh(T ). Since ϕOh(T ) ≥ χ(T ) = 2, we may
assume that ⌊ m4h+10⌋+1 ≥ 3. By the definition ofmOh(T ), there is a setM ofm distinct (m, h)-good vertices of T . We choose
an arbitrary endvertex r of T as the root of T . Clearly, r does not belong to M and every vertex v in M has m − 2 distinct
childrenw each of which is the root of a subtree of T − vw isomorphic to T (m− 2, h).
Case 1. Some vertex has at least m2h+5 children in M .
Definem′ := ⌊ m4h+10⌋ + 1 and let v1 denote a vertex having at least m2h+5 children inM . Let v2, v3, . . . , vm′ be children of
v1 inM . For every i ∈ [m′] \ {1}, vi hasm′− 1 distinct children vi,1, vi,2, . . . , vi,m′−1 such that for j ∈ [m′− 1], vi,j is the root
of a subtree Ti,j of T − vivi,j isomorphic to T (m′ − 2, h). Since v1 has at leastm′ − 1 children inM \ {v2, v3, . . . , vm′}, v1 has
m′ − 1 distinct children v1,1, v1,2, . . . , v1,m′−1 inM \ {v2, v3, . . . , vm′}. Since for j ∈ [m′ − 1], the vertex v1,j is (m, h)-good,
v1,j is the root of a subtree T1,j of T − v1v1,j isomorphic to T (m′ − 2, h).
For i ∈ [m′], we colour vi with colour i.
For i ∈ [m′] and j ∈ [m′ − 1], we colour vi,j with the jth smallest colour in [m′] \ {i}. Furthermore, we colour the
remaining vertices of Ti,j with the colours from [m′] \ {i} in such a way, that for every vertex w in Ti,j with colour f (w) and
distT (vi,j, w) < h, all colours from [m′] \ {f (w), i} appear on the children ofw. This is possible, because Ti,j is isomorphic to
T (m′ − 2, h)—the colouring corresponds to the colouring of T (d, h) with d + 1 colours described after the introduction of
T (d, h) at the beginning of this section.
Note that all vertices that have been coloured so far induce a subtree of T . This implies that deleting all coloured vertices
from T results in a forest F such that for every component K of F , there is exactly one edge of G between V (K) and V (F).
Together withm′ ≥ 3 this implies that we can proceed as follows. For i ∈ [m′]\{1}, we colour all uncoloured descendants of
vi using two colours from [m′]\{i}. Again, the set of coloured vertices induces a subtree of T . Finally, we colour all uncoloured
vertices using two colours from [m′] \ {1}.
Let f : V (T ) → [m′] denote the resulting colouring of T . It remains to prove that f is an Oh-resistant colouring. If for
some colouring g : V (T )→ [m′], there is some i ∈ [m′] such that g arises from f by recolouring all vertices that are within
distance at most h from the vertices with colour i, i.e., g arises by a single application of operation Oh to f , then, by the
construction of f , g coincides with f on all descendants of vi that belong to some tree Ti,j with j ∈ [m′ − 1]. Therefore, g
assigns each colour from [m′] \ {i} to some child of vi. Hence, necessarily, g(vi) = i and thus |g(V (G))| = |f (V (G))|. This
implies that f is an Oh-resistant colouring of T usingm′ colours, which completes the proof in this case.
Case 2. No vertex has at least m2h+5 children in M .
Wewill select a suitable subset S ofM startingwith S = ∅.WhileM is not empty,we select a vertex v fromM ofmaximum
height, add v to S, and remove from M the selected vertex v as well as all ancestors within distance at most 2h + 4 from
v. Clearly, for every selected vertex, |M| drops by at most 2h + 5. Hence, when M has been entirely consumed, S contains
at least m2h+5 elements. Let m
′′ := |S|. By assumption, m′′ ≥ m2h+5 ≥ 4. We may assume that m′′ < m. By construction, if
u and v belong to S and v is a descendant of u, then distT (u, v) ≥ 2h + 5. By the assumption of Case 2, the elements of S
are not all children of the same vertex. Let S = {v1, v2, . . . , vm′′}. By the definition of mOh(T ), for i ∈ [m′′], vi has m′′ − 1
distinct children vi,1, vi,2, . . . , vi,m′′−1 such that for j ∈ [m′′ − 1], vi,j is the root of a subtree Ti,j of T − vivi,j isomorphic to
T (m′′ − 2, h).
For i ∈ [m′′], we colour vi with colour i.
For i ∈ [m′′] and j ∈ [m′′−1], we colour vi,j with the jth smallest colour in [m′′] \ {i}. We colour the remaining vertices of
Ti,j with the colours from [m′′] \ {i} in such a way, that for every vertex w in Ti,j with colour f (w) and distT (vi,j, w) < h, all
colours from [m′′] \ {f (w), i} appear on the children ofw. Again, this is possible, because Ti,j is isomorphic to T (m′′ − 2, h).
Note that until this point, the described partial colouring is formally the same as in Case 1. The problematic difference is that
the set of coloured vertices does not induce a subtree of T but just a subforest.
For every i ∈ [m′′], we proceed as follows. We colour all uncoloured descendants of vi within distance at most 2h + 1
from vi with colours from [m′′] \ {i}. This is possible, because, by the construction of S, all descendants of vi within distance
at most 2h+4 from vi that have already been coloured belong to some tree Ti,j with j ∈ [m′′−1]. In this way we ensure that
for j ∈ [m′′− 1] and a vertexw of height h in Ti,j, there is no vertex with colour iwithin distance at most h fromw. Next, we
colour all descendants of vi within distance exactly 2h+ 2 from vi with colour i.
Note that at this point, the set of coloured vertices can be partitioned intom′′ sets V1, V2, . . . , Vm′′ such that for i ∈ [m′′],
the set Vi consists of vi as well as all descendants of vi at distance at most 2h + 2 from vi and all vertices w within Vi that
have neighbours outside of Vi have colour i and all their neighbours outside of Vi are uncoloured. See Fig. 1 for an illustration
showing the sets Vi and the paths in T connecting these sets.
For every i ∈ [m′′], let Ti denote the maximal subtree of T rooted in vi that contains next to vi only descendants of vi that
are not also descendants of a descendant of vi in S, i.e., all leaves of Ti are either leaves of T or belong to S. By the construction
of S, all leaves of Ti that belong to S have distance at least 2h+5 from vi. By Lemma 4(i) applied to the vertices of Ti at distance
2h + 2 from vi as the roots, it is possible to colour all uncoloured vertices of Ti using colours in [m′′]. At this point, every
vertex that belongs to S or is a descendant of a vertex in S has been coloured.
Since not all vertices in S are children of the same vertex, we may assume that vm′′ has maximum height among those
vertices in S that have no ancestor in S and that the parent s of vm′′ is distinct from the parent of v1. ‘‘We colour s with
colour 1’’. By the choice of vm′′ , it is possible to colour all uncoloured descendants of s with colours from [m′′]. Now the set
of uncoloured vertices induces a subtree of T rooted in r . Let T0 denote the maximal subtree of T rooted in r that does not
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Fig. 1. An illustration for the proof of Theorem 3.
contain a descendant of a coloured vertex, i.e., T0 contains all uncoloured vertices and only some leaves of T0 are coloured. By
Lemma4(ii), it is possible to colour all vertices of T0 using colours in [m′′]. Altogether, this yields a colouring f : V (T )→ [m′′].
It follows as in Case 1 that f is an Oh-resistant colouring of T , which implies ϕOh(T ) ≥ m′′. This completes the proof. 
In viewof Theorem1and the results of Irving andManlove [5] concerning the b-chromatic number of trees, it is an immediate
question how good the lower bound given in Theorem 3 is. The following result shows that for h ≥ 2, there is no constant
ch such that ϕOh(T ) ≥ mOh(T )− ch for every tree T .
Theorem 5. If h ≥ 2 and d ≥ 3, then mOh(T (d, h+ 2)) = d+ 1 and ⌊ d2⌋ + 1 ≤ ϕOh(T (d, h+ 2)) < d2 + 3.
Proof. The fact thatmOh(T (d, h+2)) = d+1 follows immediately from the definition ofmOh(T (d, h+2)). The proof of the
inequality ⌊ d2⌋+1 ≤ ϕOh(T (d, h+2)) can be obtained using the very same construction as in Case 1 of the proof of Theorem3
and we leave the details to the reader. We proceed to the proof of the upper bound. Let T = T (d, h + 2) and let v1 denote
the root of T . For some vertex v in T , let Tv denote the subtree of T rooted in v that contains v as well as all descendants of
v. For contradiction, we assume that f : V (T ) → [m] is an Oh-resistant colouring of T with m = |f (V (T ))| ≥ d2 + 3 ≥ 3.
We may assume that v1 has colour 1, i.e., f (v1) = 1.
If some colour in [m] \ {1}, say 2, is missing on the children of v1, then we recolour v1 with colour 2. Note that every
remaining vertex of colour 1 has height at least 2. For each such vertex v, Tv has height at most h andwe recolour all vertices
in Tv using two colours from [m] \ {1}. Since the new colouring obtained in this way arises by a single application of Oh
to f and avoids colour 1, we obtain a contradiction. Hence all colours from [m] \ {1} appear on the children of v1. By the
pigeonhole principle, some colour in [m] \ {1}, say 2, appears exactly once on the children of v1. Let v2 denote the unique
child of v1 with colour 2.
If some colour in [m] \ {1, 2}, say 3, is missing on the children of v2, then we recolour v2 with colour 3. Similarly as above,
every remaining vertex of colour 2 has height at least 2. For each such vertex v, we recolour all vertices in Tv using two
colours from [m] \ {2}. Since the new colouring obtained in this way arises by a single application of Oh to f and avoids
colour 2, we obtain a contradiction. Hence all colours from [m] \ {1, 2} appear on the children of v2. By the pigeonhole
principle, some colour in [m] \ {1, 2}, say 3, appears exactly once on the children of v2. Let v3 denote the unique child of v2
with colour 3.
If some colour in [m] \ {2, 3}, say 4, is missing on the children of v3, then we recolour v2 with colour 3 and v3 with colour
4. After this we eliminate all remaining vertices of colour 2 exactly as above. Since the new colouring obtained in this way
arises by a single application of Oh to f and avoids colour 2, we obtain a contradiction. Hence all colours from [m] \ {2, 3}
appear on the children of v3. By the pigeonhole principle and since 2((m−2)−1)+1 > d, at least two colours in [m]\{2, 3}
appear exactly once on the children of v3. Hence we may assume that colour 4 appears exactly once on the children of v3.
Let v4 denote the unique child of v3 with colour 4.
If colour 1 is missing on the children of v4, then we recolour v2 with colour 3, v3 with colour 4, and v4 with colour 1. After
this we eliminate all remaining vertices of colour 2 exactly as above. Since the new colouring obtained in this way arises by
a single application of Oh to f and avoids colour 2, we obtain a contradiction. Hence colour 1 appears on the children of v4.
Now we recolour v1 with colour 2, v2 with colour 3, and v3 with colour 4. Furthermore, we recolour all vertices in Tv4
using two colours from [m] \ {1}. Note that v4 has height 3, which implies that all vertices in Tv4 are within distance at most
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h from the child of v4 with colour 1. Finally, we eliminate all remaining vertices of colour 1 exactly as above. Since the new
colouring arises from a single application of Oh to f and avoids colour 1, we obtain the final contradiction. 
Note that the assumption h ≥ 2 is essential for the proof of Theorem 5. The results show that ‘loosing a factor of 12 ’ in Case
1 of the proof of Theorem 3 is somehow natural. It is easy to see that the colouring of T (d, 3) using d+ 1 colours described
after the introduction of T (d, h) at the beginning of this section is O1-resistant, which easily implies ϕO1(T (d, 3)) = d+ 1.
This allows us to improve the argument in Case 1 for h = 1, which leads to the improved bound ϕO1(T ) ≥

mO1(T )/7
+ 1.
Our last result in this section concerns regular graphs.
Theorem 6. Let h ≥ 1 be an integer. For every integer d ≥ 3, there is some integer n(d) such that every d-regular graph G of
order at least n(d) and girth at least 4h+ 4 satisfies ϕOh(G) = mOh(G) = d+ 1.
Proof. If the order of G is sufficiently large, there is a set S of d+ 1 vertices in Gwhose pairwise distance is at least 4h+ 4.
Since the vertices within distance at most 2h + 1 of some vertex induce a rooted tree in which the root has d descendants
and all remaining vertices that are not leaves have d − 1 descendants, we can colour the vertices within distance at most
2h+1 of the vertices in S exactly as in Case 2 of the proof of Theorem 3. By the choice of S and since there are d+1 available
colours, this partial colouring can be extended to a colouring of G by greedily colouring uncoloured vertices in an arbitrary
order assigning arbitrary available colours. That the colouring obtained in this way is Oh-resistant follows as in the proof of
Theorem 3. This completes the proof. 
3. O˜2-resistant colourings
It is an obvious first observation concerning O˜h-resistant colourings that ϕO˜h(G) = χ(G) for every graph G and every
h ≥ χ(G)+ 1. Hence, ϕO˜h(G) = χ(G) ≤ 2 for every bipartite graph G and every h ≥ 3. We will focus on the case h = 2.
Our first result gives an upper bound on the O˜2-resistant chromatic number. An edge uv of a graph G is calledm-good if
dG(u), dG(v) ≥ m− 1. For a graph G, let mO˜2(G) be the minimum of m1 and 2m2 + 1 where m1 is the maximum integer m
such that G contains
m
2

m-good edges and m2 is the maximum integer m′ such that G contains a matching of m′ distinct
m′-good edges.
Theorem 7. For every graph G, ϕO˜2(G) ≤ mO˜2(G).
Proof. Let f : V (G) → [m] for some m > mO˜2(G) be a colouring of G. By the definition of mO˜2(G), there is a pair (i, j) of
distinct colours from [m] such that G contains nom-good edge uv with {f (u), f (v)} = {i, j}. We will show that recolouring
the vertices in f −1({i, j}), we can produce a colouring g : V (G)→ [m] \ {i} of G.
Let u be a vertex with f (u) = i. If no neighbour of u has colour j, then we simply recolour u with colour j. If for every
neighbour v of uwith f (v) = j, we have [m]\{i, j} ⊈ f (NG(v)), thenwe recolour every such neighbour of uwith some colour
from [m] \ {i, j} and recolour uwith colour j. Recall that the neighbours of uwith colour j form an independent set. Finally,
if for some neighbour v of uwith f (v) = j, we have [m] \ {i, j} ⊆ f (NG(v)), then dG(v) ≥ m− 1. Since uv is notm-good, this
implies dG(u) ≤ m − 2 and we can recolour u with a colour from [m] \ {i, j}. In view of these cases, we can eliminate the
colour i by recolouring only vertices in f −1({i, j}). This implies that f is not O˜2-resistant and hence ϕO˜2(G) ≤ mO˜2(G). 
The next result is a partial converse of Theorem 7 for trees. Let T be a rooted treewith root r . The height of an edge uv in T
is the minimum height of u and v. An edge u′v′ is a descendant of an edge uv if uv ≠ u′v′ and every vertex in {u′, v′} \ {u, v}
is a descendant of u and v. The distance between two edges uv and u′v′ is the minimum distance between their incident
vertices.
Theorem 8. If T is a tree and the integers s ≥ 2 andmare such that T has amatching of m distinct m-good edges andm ≥ 2  s2 ,
then ϕO˜2(T ) ≥ s.
Proof. Let M be a matching of m distinct m-good edges. We root T in some vertex r . Using a similar argument as at the
beginning of Case 2 in the proof of Theorem 3, we obtain the existence of a subset S ofM such that |S| ≥ |M|/2 and for every
two distinct edges e1 and e2 in S such that e2 is a descendant of e1, the distance between e1 and e2 is at least 2. Possibly by
discarding edges from S, we may assume that |S| =  s2 . We assign every pair (i, j) of distinct elements from [s] to some
edge in S. We colour the vertices of T in suitable groups as follows. At everymoment, the set of coloured vertices will induce
a subtree and hence every uncoloured vertex is adjacent to at most one coloured vertex. While not all vertices are coloured,
we select an uncoloured vertex u of minimum height. If u is not incident to an edge in S, we colour uwith a colour from [s]
different from the colour of its parent. If u is incident to an edge e in S, say e = uv, let (i, j) be the colour pair assigned to the
edge e. We colour u with a colour from {i, j} different from the colour of its parent and we colour v with the unique colour
in {i, j} different from the colour of its parent u. Note that s < m. Since e is m-good, there is a set Uu of s − 2 children of u
different from v and there is a set Uv of s−2 children of v. For every colour in [s] \ {i, j}, we colour one vertex in Uu as well as
one vertex in Uv with this colour. It is straightforward to check that the resulting colouring is O˜2-resistant, which completes
the proof. 
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Our next result gives sufficient conditions that imply ϕO˜2(G) = r + 1 for some r-regular graph G.
Theorem 9. Let r ≥ 3 be an integer and let G be an r-regular graph such that either
(i) G is C4-free, or
(ii) G is K3-free, K3,3-free, and K2,r -free, or
(iii) r = 3 and G is K3,3-free, or
(iv) r = 4 and G is K3-free and K2,4-free.
If the order of G is sufficiently large in terms of r, then ϕO˜2(G) = mO˜2(G) = r + 1.
Proof. Since a sufficiently large order immediately implies mO˜2(G) = r + 1, we focus on the equality ϕO˜2(G) = r + 1.
Let G be an r-regular graph that satisfies one of the conditions (i) to (iv). Let u be some vertex of G. It suffices to prove that
there is some constant D, which is independent of r , such that we can properly colour some vertices within distance at
most D from u in such a way that, if f (v) denotes the colour of some coloured vertex v, then there is an edge xy of G with
NG[x] ∪ NG[y] ⊆ N≤DG (u), f (x) = 1, f (y) = 2, and f (NG[x]) = f (NG[y]) = [r + 1]. If the order of G is large enough in terms
of r , then we can select

r+1
2

vertices of pairwise distance at least 2D+ 2, suitably colour some vertices within distance at
most D from the selected vertices, and greedily extend this partial colouring to an O˜2-resistant colouring f : V (G)→ [r+1]
of Gwith r + 1 = |f (V (G))|. In fact D = 3 will suffice. We consider different cases according to conditions (i) to (iv).
Case 1. G is C4-free.
Let v be a neighbour of u. Let A = NG(u) ∩ NG(v), B = NG(u) \ NG(v), and C = NG(v) \ NG(u). Note that |B| = |C |.
Let f : {u, v} ∪ A ∪ B ∪ C → [r + 1] be such that f (u) = 1, f (v) = 2, f (A) = {3, 4, . . . , |A| + 2}, and f (B) = f (C) =
{|A| + 3, |A| + 4, . . . , r + 1}. Since G is C4-free, there is no edge between B and C . Hence f is a partial colouring as described
above for D = 2. This completes the proof in this case.
Case 2. G is K3-free, K3,3-free, and K2,r -free.
Let v, A, B, and C be as in Case 1. Note that A = ∅ and hence |B| = |C | = r − 1. Let H denote the bipartite graph
with partite sets B and C such that bc ∈ E(H) for some b ∈ B and c ∈ C if and only if bc ∉ E(G), i.e., H is the bipartite
complement of the bipartite subgraph of G induced by B ∪ C . If H has a perfect matchingM = {bici | 1 ≤ i ≤ |B|}, then let
f : {u, v}∪ B∪ C → [r+1] be such that f (u) = 1, f (v) = 2, and f (bi) = f (ci) = 2+ i for 1 ≤ i ≤ |B|. SinceM is a matching
in H , f is a partial colouring as described above for D = 2. Hence we may assume that H has no perfect matching. By the
König–Hall Theorem, this implies the existence of two sets B′ ⊆ B and C ′ ⊆ C such that every vertex in B′ is adjacent in G
to every vertex in C ′ and |B′| + |C ′| > |B| = |C |. (In H all neighbours of vertices in the set B′ are contained in the smaller set
C \ C ′.) If |B′|, |C ′| ≥ 2, then G contains K3,3 as an induced subgraph, which is a contradiction. Hence we may assume that
|B′| = 1. This implies that C = C ′ and G contains K2,r as an induced subgraph. This contradiction concludes the proof in this
case.
Case 3. G is cubic and K3,3-free.
Let v, A, B, and C be as in Case 1. First, we assume that |A| = 2. Let A = {a1, a2} and let f : {u, v, a1, a2} → [4] be
such that f (u) = 1, f (v) = 2, f (a1) = 3, and f (a2) = 4. f is a partial colouring as described above for D = 2. Now,
we assume that |A| = 1. Let A = {a}, B = {b}, and C = {c}. By an analogous argument as above, we may assume that
ab, ac ∉ E(G). If bc ∉ E(G), then let f : {u, v, a, b, c} → [4] be such that f (u) = 1, f (v) = 2, f (a) = 3, and f (b) = f (c) = 4.
f is a partial colouring as described above for D = 2. Hence we may assume that bc ∈ E(G). Let NG(b) = {u, c, d} and
let f : {u, v, a, b, c, d} → [4] be such that f (u) = 1, f (b) = 2, f (a) = f (c) = 3, and f (v) = f (d) = 4. f is a partial
colouring as described above for D = 2. Finally, we assume that A = ∅. Let B = {b1, b2} and C = {c1, c2}. In view of
Case 2, we may assume that b2c1, b2c2 ∈ E(G). If b1 is adjacent to neither c1 nor c2, then let NG(b1) = {u, d1, d2} and let
f : {u, v, b1, b2, d1, d2} → [4] be such that f (u) = 1, f (b1) = 2, f (v) = f (d1) = 3, f (b2) = f (d2) = 4. f is a partial colouring
as described above for D = 2. Hence we may assume that b1 is adjacent to c1. Since G is K3,3-free, the third neighbour d1 of
b1 is distinct from c2. Let NG(d1) = {b1, e1, e2} and let f : {u, b1, c1, d1, e1, e2} → [4] be such that f (b1) = 1, f (d1) = 2,
f (u) = f (e1) = 3, f (c1) = f (e2) = 4. f is a partial colouring as described above for D = 3. This completes the proof in this
case.
Case 4. G is 4-regular, K3-free, and K2,4-free.
Let v, B, and C be as in Case 2. Let B = {b1, b2, b3} and C = {c1, c2, c3}. In view of Case 2, we may assume that
b1c1, b1c2, b2c1, b2c2 ∈ E(G). Since G is K2,4-free, b3 is adjacent to neither c1 nor c2, and c3 is adjacent to neither b1 nor
b2. First, we assume that b3c3 ∈ E(G). Let NG(b3) = {u, c3, d1, d2}. By symmetry, we may assume that b2 is not adjacent to
d2. Let f : {u, v, b1, b2, b3, c3, d1, d2} → [5] be such that f (u) = 1, f (b3) = 2, f (v) = f (d1) = 3, f (b1) = f (c3) = 4, and
f (b2) = f (d2) = 5. f is a partial colouring as described above for D = 2. Next, we assume that b3 and c3 are not adjacent.
Let NG(b3) = {u, d1, d2, d3}. By symmetry, we may assume that b1 is not adjacent to d1 and that b2 is not adjacent to d2.
Let f : {u, v, b1, b2, b3, d1, d2, d3} → [5] be such that f (u) = 1, f (b3) = 2, f (v) = f (d3) = 3, f (b1) = f (d1) = 4, and
f (b2) = f (d2) = 5. f is a partial colouring as described above for D = 2. This completes the proof. 
Our final result can be considered a strengthening of Theorem 7 for regular graphs.
1020 A.S. Pedersen, D. Rautenbach / Discrete Applied Mathematics 159 (2011) 1013–1021
Fig. 2. The lexicographic product of C8 and K 2 .
Theorem 10. Let r ≥ 3 be an integer and let G be an r-regular graph. For some edge xy of G, let Hxy denote the bipartite graph
with partite sets NG(x) \ NG(y) and NG(y) \ NG(x) where uv ∈ E(Hxy) for some u ∈ NG(x) \ NG(y) and v ∈ NG(y) \ NG(x) if and
only if uv ∉ E(G).
If f : V (G) → [r + 1] with r + 1 = |f (V (G))| is an O˜2-resistant colouring of G, then for every two distinct colours i and j
from [r + 1], the graph G contains an edge xy such that {f (x), f (y)} = {i, j} and Hxy has a perfect matching.
Proof. Let i, j ∈ [r + 1] be two distinct colours. We assume that f{i,j} is obtained by a single application of O˜2 to f and is
chosen such that |f −1{i,j}({i, j})| is minimum, i.e., there are as few vertices with colours i or j as possible. By the choice of f{i,j},
there is no vertex u in f −1{i,j}({i, j}) such that some colour from [r + 1] \ {i, j} is missing on the neighbours of u. Since f is O˜2-
resistant, there is an edge e{i,j}, say e{i,j} = xy, such that f{i,j}(x) = i, f{i,j}(y) = j, and f{i,j}(NG[x]) = f{i,j}(NG[y]) = [r+1]. Since
G is r-regular, this implies f{i,j}(NG(x) \ NG(y)) = f{i,j}(NG(y) \ NG(x)). Therefore, since f{i,j} is a colouring of G, the bipartite
graph Hxy has a perfect matching. This completes the proof. 
In view of Theorem 10 and the lexicographic product of cycles and two independent vertices (cf. Fig. 2 for the lexicographic
product of C8 and K 2), there are arbitrarily large 4-regular connected K3-free graphs Gwith ϕO˜2(G) ≤ 4, i.e., forbidding K2,4
as an induced subgraph in (iv) of Theorem 9 seems to be a reasonable hypothesis.
4. Conclusion
We conclude the paper with a series of questions that were motivated by our results above.
• Is there a good upper bound on the Oh-resistant chromatic number of graphs that may contain short cycles?
Note that for a graph G, the girth assumption g(G) ≥ 2h+ 2 implies that the vertices that are within distance at most
h from some vertex induce a tree within G. Furthermore, if T is a rooted tree of height h + 1 with some leaves at depth
h+ 1 that are precoloured with colours from a set [m], then it is easy to determine the set of possible colours among [m]
for the vertices of T : Processing the vertices of T in an order of non-increasing height, we can determine for every vertex
v, the set of colours i ∈ [m] such that some colouring f of T extending the partial colouring of the leaves assigns colour i
to v.
• Is there a natural upper bound on the O˜h-resistant chromatic number for h ≥ 3?
A direct generalisation ofmO˜2(G)would probably use appropriate cliques of order h instead of edges,which are cliques
of order 2. A more general approach seems to rely on graphs that have partial colourings whose extensions use at least
a certain number of colours.
• What is a best-possible version of Theorem 3?
For h = 1, it is conceivable that there is some constant c1 such that ϕO1(T ) ≥ mO1(T )− c1 for every tree T . In view of
Theorem 5, for h ≥ 2, there might be a constant ch such that ϕOh(T ) ≥ mOh (T )2 − ch for every tree T .• What is a best-possible version of Theorem 8?
Theorem 8 gives a lower bound of roughly 1√
3
mO˜2(T ) for ϕO˜2(T ). A first step might be to improve the constant
1√
3
.
• Can ϕOh(T ) or ϕO˜h(T ) be computed efficiently for trees T?
Irving andManlove [5] not only proveϕO0(T ) ≥ mO0(T )−1 for trees T but also characterise all trees that yield equality
in this lower bound. Since the characterisation uses a property that can be checked efficiently, their result implies a
polynomial time algorithm for the calculation of the b-chromatic number of trees.
For general graphs G, calculating the parameters ϕOh(G) and ϕO˜h(G) are hard problems. This follows immediately
from the hardness of calculating the b-chromatic number [3,5,10]. Since adding a new vertex to a graph that is adjacent
to all vertices of the graph increases the chromatic number by exactly 1 and reduces the diameter to atmost 2, calculating
ϕOh(G) is hard for every h ≥ 2. Finally, since it is NP-hard to decidewhether a given planar graphG ofmaximumdegree at
most 4 has chromatic number at most 3 [4] but colouring Gwith four colours can be done in polynomial time, calculating
ϕO˜h(G) is hard for planar graphs of maximum degree at most 4 and every h ≥ 5.• Which r-regular graphs G satisfy ϕO˜2(G) < r + 1?
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A first step towards an answer could be to weaken some of the assumptionsmade in Theorem 9. For instance, it might
be the case that all sufficiently large 4-regular connected K2,4-free graphs G satisfy ϕO˜2(G) = 5.
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